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THE PRINCIPLES OF THE FUNCTIONAL CALCULUS. 1 

In the following pages, we shall endeavor to characterize a 
development of thought which assuredly constitutes the most im- 
portant manifestation of contemporary mathematics. This develop- 
ment deserves to attract the attention, not only of geometricians, 
but also of those philosophers interested in the evolution of the 
principles of science. The theories to which the name of "func- 
tional calculus" has been given have been obtained by going back 
to the very origins of mathematical science, by thoroughly examin- 
ing and generalizing the notions which form the basis of analysis 
itself : operation, function. Strictly speaking, the functional calculus 
does not constitute any particular theory with rigid boundaries. 
The somewhat vague denomination of "functional calculus," "calcu- 
lus of functions" would include the whole of analysis ; and indeed 
the functional calculus is essentially a generalization and an ex- 
amination of the principles of classical analysis. 

In accordance with a method we have already used, it is our 
intention to emphasize the essential ideas of this phase of the 
development of mathematics and to show their genesis. Our point 
of view is thus in marked contrast with that of an encyclopedia the 
main object of which is to sum up the greatest possible number of 
particular facts, without troubling too much about the way in which 
they are connected with one another. 

The various streams of ideas we shall isolate from one another 
in order to comment upon them for the requirements of exposi- 
tion are really interblended. There is always something arbitrary 
in the process of cutting the bonds which unite a notion with con- 
nected notions. The "mysterious unity" mentioned by Charles Her- 
mite, which brings together "theories apparently farthest separated," 
loses its mysterious character when wc remember that originally, 
and for the purposes of logical demonstration, we cut up real, com- 
plex, and synthetic notions into bits and, so to speak, work on these 
fragments of ideas. The task of genius will often be to bring to- 
gether these fragments that had been separated. 

We will take almost a commonplace example as an illustration. 
It has long been possible to regard algebra and geometry as two 

1 Authorized translation by Fred Rothwell, from the Revue de Metaphysiqu; 
et de Morale of July, 1913, Vol, XXI. pp. 462-510 (condensed). 



6lO THE MONIST. 

distinct sciences. Descartes, however, has shown that they are 
closely linked together, and pointed out the immense advantage to 
be obtained by combining the two. 

Consequently we shall study separately theories which have 
sometimes developed independently of one another, and have some- 
times interfered. For the reasons we have just explained, it will 
be almost impossible to make any hard and fast distinction between 
these different lines of investigation. 

By a circumstance anything but fortuitous but rather inherent 
in the nature of things, the new theories were on the point of sup- 
plying mathematical physics with a powerful instrument of calcula- 
tion. Indeed, to discover fruitful theoretical principles is the same 
as to grasp, for our calculations, directions which coincide with the 
structural lines of the real. The wonderful facility with which the 
integral equation of Fredholm applies to the problem of Dirichlet, 
a problem that typifies a large number of problems in physics — 
"elliptic problems" — is simply an illustration of this fact. Volterra, 
Hadamard, and other mathematicians utilized the new methods in 
various branches of mechanics and physics. 2 These numerous ap- 
plications testify to the fecundity of the ideas; they constitute, as 
it were, the guarantee of their "objectivity." We shall not concern 
ourselves with these applications to physics ; suffice it to mention 
that they are both numerous and important. 

What is the origin of this ensemble of theories now called "the 
functional calculus" ? What are the fundamental ideas of this math- 
ematical doctrine? Taking solely the theoretical point of view and 
dealing with the matter in the way indicated, such are the questions 
we wish to answer. 

With the above-mentioned reservations, we will trace back in 
three principal directions the phase of the development of math- 
matics, the history of which we shall attempt briefly to describe. At 
the outset we shall study the generalization of the theory of opera- 
tions ; this generalization constitutes the formal part of the theory, 
but in our opinion it has had considerable influence in the formation 
of ideas of a more concrete character. Leibniz seems to have been 
the first to study the formal laws of operations (the resemblance 
between the formulas which give the development of the power of 
a binomial and the derivative of a product of two functions'). 

2 See Heywood and Frechet, L'Equalxon de Fredholm et ses applications 
a la physique mathematique, 1912, and Kneser, Die Integralgleichungen und 
ihre Anwendungen in der mathematischen Physik, 1911. 
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These investigations, moreover, dealt with the philosopher's con- 
ceptions relative to formal logic. At the beginning of the nine- 
teenth century, Servois endeavored to formulate the general prop- 
erties of operations: commutativity, associativity, etc. Besides, as 
Pincherle has remarked, there is in Servois a certain confusion be- 
tween operation and function; this confusion, however, might be 
called a happy one ; for the development of thought we are describing 
was bound to end in regarding operation as an object (a kind of 
function) : mention is made of the equality, the univocacy of opera- 
tions, and also of their commutativity, their associativity, etc. This 
is the conception, in its generalized form, that has been reached by 
Pincherle and Bourlet. The latter, for instance, gives the name of 
"transmutations" to a very general class of operations which is 
defined as follows: we say we have defined a transmutation when 
we have enabled one or more functions to correspond to any func- 
tion. Change of variable, derivation, integration are transmuta- 
tions. Operation has become a functional correspondence. 

The second stream of ideas which we shall study, one that has 
developed either along parallel lines with the first or by uniting" 
with it, is of considerable importance. The ideas with which we 
are now about to deal are really the ideas at the very base of the 
infinitesimal calculus. Volterra, in his opening lecture at the Sor- 
bonne in 1912, clearly showed that the theories which Fredholm, 
Hadamard, and himself have thought out the last few years, are 
connected with the elements of infinitesimal analysis, forming, so 
to speak, its necessary development. We should not follow up this 
development were we certain that the fine pages to which we allude 
were accessible to all readers. 3 

We have seen briefly how the concept of operation has become 
generalized. The idea of function has also undergone profound 
transformations since the time of Bernoulli, when, under the name 
of function, certain relations (algebraical, logarithmical trigono- 
metrical) were said to bind a quantity y to a variable x. The inte- 
gration of equations with partial derivatives of the second order 
led D'Alembert and more especially Fourier to a far wider con- 
ception of function than Dirichlet seems to have had, in its most 
general form, when he regarded uniform function as any corres- 
pondence whatsoever between a value of x and a value of y. 

And so the idea of correspondence which constituted, as we 

3 Revue du Mots, 1912, 
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have seen, the fundamental nature of operation also forms the es- 
sential element of function. Having attained to the notion of cor- 
respondence or of relation, we seemed to have reached the most 
general conception of function. It was still possible, however, to 
generalize the concept of variable. This idea was necessarily in- 
evitable. Function, indeed , is the unknown of functional equations 
(taking the expression in its broadest sense), i.e., the unknown of 
a differential equation, one with partial derivatives, integral equa- 
tion, etc., as a number is the unknown of an algebraical equation. 
A rapprochement had to take place between the numerical variable 
'and the functional variable. Volterra seems to be the first (about 
1887) to have envisaged a function which depends on the form of a 
line, i. e., to have considered a function as dependent on a con- 
tinuous infinity of unknowns. Henceforth the form of a line inter- 
venes as an independent variable ; a function depends on a con- 
tinuous infinity of variables. In a daring generalization, Volterra 
extended to the functions of lines the fundamental notions of the 
infinitesimal calculus: continuity, derivative, differential, develop- 
ment in series of power, analyticity. Following the same line of 
thought, Hadamard considered functions depending on the form 
of another function (these are not functions of functions) which 
he has called functional. The calculus of Variations, which includes 
the whole of analytical mechanics, affords an instance of functions 
which come into this category, as, for instance, the integral which 
is to be made minimum depends on the form of a function. 

Whereas the ideas just developed are essentially connected with 
the notion of continuous infinity and thus with the geometrical in- 
tuition of the continuous which is the foundation of geometry and 
the infinitesimal calculus, another orientation (the third stream of 
ideas we wished to mention) was about to appear, the one which, 
invoking the name of Weierstrass, we might call the arithmetical 
orientation. At the base of the arithmetical conception appears as 
the fundamental element the idea of a development in series, Taylor's 
series, Fourier's series, etc., a development the ensemble of whose 
coefficients has the same power (in Cantor's meaning) as the sequence 
of the natural integers. This was the point of view assumed by 
Le Roux, Hilbert, etc., when they considered that a function may 
be looked upon as dependent on an enumerable and therefore dis- 
crete (no longer continuous) infinity of independent variables: the 
coefficients of its development. The coefficients of a Fourier develop- 
ment, for instance, constitute the infinity of independent variables 
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on which depends the function represented by this development. 
In the language of geometry, a function may be considered as a 
point of space with an enumerable infinity of dimensions, each 
variable representing coordinate. Obedient to kindred ideas, more- 
over, Hill, Poincare, and at a later date Helge von Koch, had already 
considered systems of a discrete infinity of linear equations with an 
enumerable infinity of variables. By conceiving of analysis as al- 
gebra wiith an infinity of variables, the concatenation of the ideas 
at the root of algebra with those that serve as a foundation for 
analysis is firmly established. In algebra indeed we have to determine 
a finite number of magnitudes by means of a finite number of equa- 
tions; in analysis a function must be determined by means of a 
functional relation. As Hilbert remarks, a function may be regarded 
as known when the enumerable infinity of its coefficients is cal- 
culable: now, these coefficients may be determined by a discrete 
infinity of equations, and this system of an infinity of equations 
with an infinity of unknowns will be equivalent to the functional 
(differential, integral, etc.) equation. Thus we understand how 
analysis may be said to be the continuation of algebra. Hilbert 
endeavored to systematize the notions relating to functions with 
an enumerable infinity of variables : he dealt more particularly with 
quadratic and bilinear forms with an infinity of variables. 

We have attempted to show that the functional calculus is at 
the meeting-point of a threefold development : the generalization of 
the formal properties of operations ; the extension of the notions of 
the infinitesimal calculus, the fundamental idea of which, at the 
outset, is continuous infinity (the generalized function, in this case, 
depending on all the values of a function in an interval, a concep- 
tion connected with the notion of the definite integral) ; and finally, 
the generalization of the arithmetical point of view, a function here 
being conceived as depending on an enumerable infinity of variables. 
To endeavor to establish, as has sometimes been attempted, that one 
of these last two conceptions is, speaking absolutely, superior to the 
other, appears to us meaningless, for we are confronted with two 
equally fundamental modes of inquiry. The one can be traced back 
to intuition and the geometrical continuous, the other is related to 
the primitive elements of arithmetic: to the natural sequence of 
numbers. The history of the theory of analytic functions teaches 
us, for instance, that geometricians, following their natural inclina- 
tions, have taken up the study of mathematical facts sometimes ac- 
cording to one conception, sometimes according to the other. 



614 THE MONIST. 

The reason why we have hitherto refrained from speaking of 
those new forms of equations called integral and integro-differential 
equations, is because we wished to make a clear distinction between 
fundamental ideas and the applications that can be made of them. 
The solution of integral integro-differential equations, as also the 
solution of differential equations or equations with partial deriva- 
tives, consists in the determination of a function in the ordinary 
sense. But the most satisfactory methods that have been de- 
cided upon for solving these equations are directly connected with 
the ideas we have set forth. It was with reference to a problem in 
mechanics that Abel first met with an integral equation, i. e., an 
equation in which the function to be determined is represented 
under an integral sign. Volterra and Fredholm, dominated by the 
fundamental conception according to which the unknown function 
depends on a continuous infinity of unknowns, have considered the 
integral equation as the limit case of a system of n linear algebraic 
equations with n unknowns, obtained by splitting the interval of 
integration into n parts ; s the solution of the integral equation will 
be given by the limit of the solution of the system of equations : the 
continuous infinity of the solutions of the system will constitute the 
totality of the values of the unknown function in the interval of 
integration. In an integro-differential equation, the derivatives of 
the unknown functions are represented under the integral sign. The 
integro-differential equations of Hadamard approach the ordinary 
differential equations, those of Volterra approach the equations with 
partial derivatives of the second order, and he solves them by com- 
bining his method of passing to the limit with the methods used 
in solving equations with partial derivatives of the second order. 

The equations with functional derivatives mainly envisaged by 
Hadamard and his pupils are different from the integral and 
integro-differential equations, because the unknown is no longer a 
function of a variable (or of a finite number of variables), but a 
function of lines. Whereas the integral and integro-differential 
equations may have appeared, and the integral equations actually 
have appeared, in the applications, previous to the development of 
the ideas we have just set forth, the equations with functional de- 
rivatives could only be envisaged when the functions of lines (or 
the "functionals") were known. 

* P. Boutroux, Revue de Metaphysique, Nov., 1904. 

•Volterra, Lecons sur Us iquations intigraUs et Us Equations integro- 
diffirentielles, Paris 1913. 
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We have seen how Volterra and Fredholm regard integral 
equations ; their conceptions rest on a common basis, the considera- 
tion of function as dependent on a continuous infinity of unknowns 
comprised in an interval. Hilbert regards the function to be deter- 
mined as a function of an enumerable infinity of unknowns which 
are the coefficients of its development in a generalized Fourier series 
and the integral equation will be replaced by an enumerable infinity 
of linear equation between an enumerable infinity of unknowns. 
The solution of the integral equation is indeed only a particular 
application of Hilbert's ideas. "Analysis with an infinity of vari- 
ables," to use his expressions, constitutes a general method applic- 
able to many problems. 

Finally we will make a few remarks on the theory of func- 
tional ensembles, or rather, abstract ensembles, of which functional 
ensembles (the ensemble of continuous functions, etc.) form a 
particular instance. This study, with which Frechet and some other 
writers have dealt, would constitute a kind of introduction to the 
functional calculus. In a logical expose of ideas it is this theory — 
generalized — of ensembles which would compose the first chapter. 
As we said at the beginning, however, we have not adopted the point 
of view of logic but that of the historical development of notions 
The reader now understands the philosophical range of works which 
can be traced directly back to the elementary principles of math- 
ematical thought: to operation, function, continuous infinity, enu* 
merable infinity. 

I. THE PROPERTIES OF OPERATIONS. 

If we wished to determine the origin of the theories we are now 
about to set forth, we should naturally have to go back to Leibniz. 
In the field of what is at present called the functional calculus, as 
in the theory of the differential calculus, this prophetic genius seems 
to have divined what was actually discovered at a later date. 
Pincherle, in the learned study of the Encyclopedic des sciences 
mathematiques* which he devotes to the functional calculus, con- 
siders that Leibniz's formula concerning the m th derivitive of a 
product of functions constitutes one of the first interesting proposi- 
tions to be connected with this branch of mathematics which has 
been called "calculus by symbols of operations :" There is a formal 
analogy between the development of the powers of the binomial and 

• Pincherle, EncyclopSdie des sciences mathematiques, Vol. II, 5, 1. 
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the operation of the derivation of a product of two functions 
Leibniz's observation, however, is not accidental in his work, it is 
connected with the conception which the philosopher formed of 
formal logic and of the differential notation. 

The logical preoccupation's of Leibniz 7 were blended with his 
reflections as a geometrician and a metaphysician. The conception 
of general logic and of a universal characteristic continually haunted 
his mind. The importance attached to symbolism by Leibniz is well 
known. Its characteristic was to be a kind of universal algebra. In 
calculus form this algebra would have given all possible relations 
between concepts. For reasons easy to guess, this integral symbol- 
ism could not be constructed. The mind, however, behind this 
attempt, naturally led Leibniz to study the formal laws of the cal- 
culus. It would appear that Leibniz had already outlined a sort of 
"general theory" 8 of the operations considered in their formal rela- 
tions and their properties, that he had already the idea — quite a 
modern one — of regarding algebraical signs themselves as symbols 
of indeterminate operations." Leibniz distinguishes similar opera- 
tions such as arithmetical addition and multiplication from dis- 
similar operations such as substraction, division, and the raising 
to powers. In the former, it is possible to invert the order of the 
terms without changing the result ; in the latter this cannot be done. 

More generally, Leibniz would appear to have conceived "the 
formal identity of really different operations, and the possibility of 
replacing them by one another in the calculus ; especially when two 
symmetrical (similar) operations are superposed, such as addition 
and multiplication, they can be inverted without changing the result 
of the calculus." We thus see that "Leibniz's theorem" which by 
symbolic formula gives the m th derivative of a product of functions 
is but the consequence of a general philosophical conception. It is 
interesting to note that the inventor of the differential notation was 
the promoter of the calculus by symbols. 

But it was Servois who first studied systematically the formal 
laws of the calculus. He showed that there are certain very general 
formal laws which apply to objects as different, for instance, as 
a quantity and a symbol of operation ; he has set forth the im- 
portance of the commutative and distributive properties, a knowl- 
edge of which now forms part of the first elements of the calculus. 

7 Brunschvicg, Les Etapes de la philosophie mathematique, p. 197. 

8 Couturat, La Logique de Leibniz, p. 303. 
' Couturat, loc. cit., p. 302. 
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To understand adequately the development of ideas, we consider 
it interesting to recall Servois's text. 10 
"Let 

4>(x+y+ )—*(*) +*O0+ 

"The functions which, like <f>, are such that the function of the 
(algebraical) sum of any number of quantities is equal to the sum 
of the like functions of each of these quantities, will be called 
distributive. . . . 

"Let 

fhz*=hfz. 

"The functions which like / and h are such that they give 
identical results, whatever be the order in which they are applied 
to the subject, will be called commutative with one another." After 
developments of calculis into which we do not wish to enter, 
Servios applies the foregoing principles to the functions he calls 
differential, which he represents by E(z), A (z), and d(z), the 
varied state, the finite difference, the differential. Note that the 
varied state of the function z=<j>(x, y....) is a function E (#)■=» 

<j>(x-^-a, y-{-/3, ), the a and the /? being the increases of 

x, y, etc., and that the difference of z is defined by the expression 
E(z)—z=A(z). It is useless to recall the definition of the dif- 
ferential. "Now all the differential functions and their different 
orders, positive or negative, are commutative functions, both with 
one another and with the constant factors. . . .In the preceding, we 
have sketched the ensemble of the laws which unite and bring into 
communication all the differential functions, i. e., the most general 
theory of the differential calculus." 12 Like his predecessors, says 
Pincherle in his Encyclopedic 13 article, Servois frequently confuses 
the expressions function and operation. This "confusion," however, 
was in a way implied by the nature of the subject. If we had 
always literally admitted the radical distinction made by Pincherle, 
at the beginning of his article, between the objects on which we 
operate and the operations executed on these objects, the ideas 
germinal in Leibniz's work and which we see developing in Servois's 
works would have been arrested in their growth. The remarkable 
part in the theory whose history we are briefly sketching is that the 

10 Servois, Annates de Gergonne, vol. V, p. 98 (1814). 

11 The subject of the function f(z), in Servois's terminology, is x. 

12 Servois, he. cit., p. 120. 

13 Pincherle, Encyclopedic, etc. Vol. II, 5 fasc. I. 
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laws valid for a function (an object) are formally valid for an 
operation. 14 The distributive and commutative properties are applied 
by Servois to functions ; his error — if we may use so strong an ex- 
pression when dealing with a conception inevitable to the state of 
science at the time it was formulated — consisted in omitting to 
present the fact that the operative rules just mentioned apply as 
well to quantities strictly so called or to functions, as to the symbols 
of the operations. Thus, the character of the development of thought 
whose history we are endeavoring to sketch is that we have treated 
operation as an object, to use Pincherle's expression. The ideas 
found in germ both in Leibniz and in Servois have been developed 
by a series of mathematicians including Boole and Grassmann. 

Note that Boole sets as an object for mathematics the study 
of operations considered in themselves independently of the various 
objects to which they may be applied." 

The formal point of view is explicitly indicated. We have 
sought to define the elementary notions of the calculus in view of 
their applications to the operations themselves. We say, for in- 
stance, that two objects are equal when they can be replaced by each 
other in a given combination, without the result being changed there- 
by. Now, this definition applies to symbols of operations as well 
as to numbers. We apply to the operations the notion of univocity 
(or uniformity) : the operation is univocal (or uniform) if it gives 
one single result. Then, as stated above, we study the operations 
from the point of view of distributivity, commutativity, associativity. 

The sum and the product of two operations are also defined. 
The sum of two operations A and B is an operation which, applied 
to any object, gives as a result the sum of the results of the applica- 
tion of the operations A and B to the object in question. We also 
know that the product of two operations A and B consists in apply- 
ing to the result of the operation B the operation A. To sum up, 
the symbols of operations may be treated as quantities and we may 
subject these symbols to the other operations. 

So far we have obtained a first degree of generalization, in 
the sense that we have presented certain general characters, such 
as the commutativity and the distributivity of the elementary opera- 
tions of arithmetic or of the differential calculus. We ought to have 
gone further, however, and endeavored to expand the notion of 

14 Lagrange has already treated the symbol of differentiation as a fictitious 
dimension. 

18 Boole, The Mathematical Analysts of Logic, Cambridge, 1847, p. 3. 
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operation, to regard it is a correspondence, a functional relation. 
This has been done by Pincherle 18 and Bourlet, 17 independently of 
each other. The conjunction of ideas we seek to present is well 
characterized in Bourlet's memorandum entitled : "Sur les operations 
en general, et les equations differentielles lin&aires d'ordre infini." 
'It was by seeking for the properties of the operation of deriva- 
tion," writes the author at the beginning of his memorandum, "that 
I came to undertake the following work." Derivation comes under 
a very general class of operations, specially studied by Bourlet, 18 
and which he calls transmutation: we say we have denned a 
transmutation when we have given a means of enabling one or 
more functions of the same variable to correspond to any function 
m of a regular variable x in a certain domain. The new function 
or functions are the transmutes of u. Change of variable, deriva- 
tion, definite or indefinite integration are transmutations. 

Transmutation is univocal (uniform) when it makes only one 
single transmuted function correspond to any regular function u. 
It is regular if, applied to a holomorphic function in a certain do- 
main, it gives an equally' holomorphic transmute in this domain. 
It is complete, in a certain domain, if it has a meaning for any 
holomorphic function in this domain. A transmutation will be 
designated continuous if the limit of the transmute of a function 
is the transmute of the limit of that function. 

To have the product T t T 2 of two transmutations Tj and T„ 
we must first take the transmute T 2 and then the transmute 
Ti (T 2 m) of the result. The m th power of a transmutation T< is 
the product of m factors equal to Tj. 

Speaking generally, the product of several transmutations is 
not commutative; thus we do not usually obtain 

T, T 2 = T 2 T x . 
The most interesting transmutations are those that verify the 
relation : 

T (u + v — Tu + Tv. 
Bourlet calls these transmutations additive transmutations. Pin- 
cherle gives the name of distributive operations to the operations 
which verify the preceding condition and the second condition: 

Tcu-=cTu. 

14 Pincherle, Math. Annalen, 1897, in which article previous notes are 
summed up. 

17 Bourlet, Ann. Ecole normale. 3, vol. XIV, 1897. 
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When a transmutation is continuous and regular, the second 
condition is reducible to the first, c being whatsoever. Hadamard 
gives the name of linear to Bourlet's additive transmutations. Ad- 
ditive transmutations are particularly important, because the change 
of variable <f>(x) ==/[</> (•*")], (/ being a given function), deriva- 
tion, etc., are included in the category of additive transmutations. 

Every product of additive transmutations is an additive trans- 
mutation. The sum of several additive transmutations is likewise 
additive. Following Bourlet, we will now give the general form 
of an additive transmutation by supposing it universal, continuous, 
and regular. 

Somewhat anticipating upon the following paragraphs, we will 
mention that Lalesco has shown that the solution of a Volterra 
integral equation of the first denomination, where the nucleus 
N(x, s) is a whole analytical function in x of smaller order than 

I, is equivalent to the integration of a linear differential equation 
of infinite order with given initial conditions. This sort of equiva- 
lence between tho different analytical instruments is particularly 
interesting. 

We must now reconsider the definition of transmutation, from 
which we started, to insist with Hadamard on the fact that the 
transmute T («), from Bourlet's point of view, depends on the 
■form of the function u(x), but that it is in addition a function 
of the variable x. This remark will enable us to show the depend- 
ence which exists between the ideas relative to the formal develop- 
ment of the operative properties and another stream of ideas, that 
consisting in the generalization of the elementary notions of the 
infinitesimal calculus, with which ideas we shall now deal. 

II. FUNCTIONS THAT DEPEND ON A CONTINUOUS INFINITY 

OF VARIABLES. 

Function is the object of analysis, just as number is the object 
of arithmetic. The notion of whole number is simple and clear, it 
was known to the ancients. The notion of function is of compara- 
tively recent date. It is a complex notion 20 the origin of which must 
be sought in the idea of physical law and the geometric curve. From 
the time of Leibniz and Bernoulli, when the word functio was first 

18 Ibid., p. 135. 

19 Hadamard, Lecons sur le calcul des Variations, p. 282. 

20 P. Boutroux, Revue de Metaphysique, Nov., 1904. 
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used, the conception of function has undergone numerous trans- 
formations. 

At the end of the seventeenth and in the eighteenth century, 
function 21 was the name generally given to a quantity y joined to a 
variable x by an equation including symbols that represented ele- 
mentary (algebraical, trigonometrical, logarithmic) operations. Jean 
Bernoulli 22 in a letter addressed to Leibniz in the year 1698, seems 
to have been one of the first to use the term function in something 
approaching its modern signification. But though the word was first 
uttered by Bernoulli, we may affirm that, ever since Descartes, we 
have known something, if not of the word, at all events of the thing 
(curves of analytical geometry). 

Under the influence of Cartesian conceptions, the curves y=f 
(x), were considered as functions, the relation expressing true 
geometrical equalities. Such functions were called continuous func- 
tions (Eulerian continuity) ; they constituted the real functions. 
A function represented by several arcs of curves was considered 
as being formed of parts of functions. D'Alembert, Bernoulli, Euler, 
Lagrange, have been led to expand the meaning of the notion of func- 
tion, by studying problems in physics the solution of which implied the 
integration of an equation with partial derivatives of the second 
order. Riemann, is the first part of his memorandum "Ueber die 
Darstellbarkeit einer Function durch eine trigonometrische Reihe 23 " 
has admirably summarized the history of these discoveries, which 
were destined to culminate in Fourier's fundamental work. Riemann 
tells of the astonishment of Lagrange, then an old man, when at the 
meeting of the Academie des Sciences on the 21st December, 1807, 
Fourier enunciated the proposition : that a completely arbitrary func- 
tion (graphically given) could be represented by a trigonometrical 
series in a finite interval, and that in particular a trigonometrical 
development was capable of representing non-continuous functions 
formed of parts of functions. 24 Fourier's enunciation was not 
absolutely rigorous. Lajeune-Dirichlet specified the exact conditions 
which a function must verify to be representable by a trigonometrical 
series. These conditions are well known by the name of Dirichlet's 

21 Lebesgue, Lefons sur I'ntigration, etc., p. 2. 

22 Leibniz, Gerhardt Math. Schriften 3, 157. 

23 Riemann, Werke, p. 232. 

24 See for instance Picard, Cours d'analyse, vol. I, p. 244; see also Jordan, 
Cours d' analyse: Jordan, as we know, has introduced into this theory the 
notion of function with limited variations. 
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conditions. 28 Influenced by these various results, Dirichlet defined 
a function as follows : the quantity y is the uniform function of the 
quantity x in a determined interval, when to each value of x taken 
in the interval there corresponds one determinate value of y, without 
specifying at all as to the way in which the values of y depend on 
one another. 

The conception of the function in which culminates the evolu- 
tion we have just set forth is that of a correspondence in the most 
general meaning of the word. 29 We do not think it unnecessary 
to insist on the meaning of the quite arbitrary notion of function 
as it may subsequently be conceived in the works of D'Alembert, 
Fourier, Dirichlet, etc. Suppose our function is represented by a 
line; if this line is a true curve, the "law" which characterizes it 
will enable us to fix each point of it ; but suppose the curve is de- 
scribed at hazard, that in a word the curve is given only graphically. 
In order that the curve thus described may be regarded as deter- 
minate, we shall here have to know all its points, since, there is no 
connection between the points. What method of representation shall 
we use for such functions ? If we suppose that the function verifies 
Dirichlet's conditions, we know that it is possible, in a determinate 
interval, to represent it by a Fourier series. Consequently it is 
first of all necessary that the function should verify certain condi- 
tions; afterward we must note that the integrals which give the 
values of Fourier's coefficients can be estimated but approximately 
when dealing with a function given graphically. 

With Dirichlet we had reached the term of generalization as 
regards "correspondence," but it was permitted to expand the con- 
ception we were able to form of the elements to be taken as variables. 
It is this generalization we shall now study. 

And first of all, how have we been brought to this extension of 
the variable? As we have said, function is the object of analysis 
as number is the object of arithmetic. On function we shall be able 
to do operations as we do them on number. In particular we may 
consider function as the unknown in any relation whatsoever which 
we will call a functional relation, by reason of the nature of the 
unknown. In this general sense, a differential equation, an equa- 
tion with partial derivatives, are functional relations, since we have 
to determine a function in these various cases. 

In these different relations function is the unknown. Conse- 

25 Dirichlet, Werke, Vol. I, p. 135, and Encyclop., II, I, I, p. 13. 
*• P. Boutroux, Rev. de Metaphysique, Nov., 1914. 
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quently there had necessarily to take place a rapprochement between 
the numerical variable and the functional variable. 

Instead of considering a function as depending on a quantity 
which varies, on a variable in the ordinary use of the word, Volterra 
considers a function which depends on the form of a line. This 
extension certainly constitutes one of the most important events 
in the development of the theory of functions in our time. Is it 
profitable to guard the reader against the confusion that might 
result from Volterra's conception, with the classical notion of the 
function of a function? In elementary mathematics, when we say 
that the function f is a function of the function tf> (x), which we 
represent by f[<f> (x)] the form of / and the form of <j> are both 
given: the true variable will always be the variable x on which / 
depends through the intermediary of <j>. 

Volterra was the first (Rendiconti della R. Accad. dei Lincei, 
Vol. Ill) to consider the functions of lines. We will refer to the 
memorandum which appeared in Vol. XII of the Acta mathematica 
(1889), a memorandum entitled: On a generalization of the theory 
of the functions of an imaginary variable. In a note (page 234 of 
the memorandum) Volterra has explained how, starting with the 
conception of function of lines. "In several questions of physics 
and analysis, we find quantities which depend on all the values of an 
ordinary function or of several totally arbitrary ordinary functions. 
For instance the temperature at the tip of a blade whose edge is 
heated depends on all the values of the temperature at the edge of 
the blade. Functions of lines offer another instance of like depen- 
dence." 

Functions of lines enable us to depict geometrically the func- 
tion which depends on all the values of a function. As an instance 
of the function of lines, we may consider the area comprised between 
the axis of the x's two ordinates raised to the points a and b and th 1 
variable portion of line connecting the two ordinates. We see that 

the form of the line y=f(x) depends on the ordinates y lt y 2 

y n . . . .which we can raise at each point of the interval (a, b), and 
which form a continuous infinity. Manifestly in this sense, to con- 
sider a function which depends on the variable function y=/(-t")- 
is to consider a function which depends on a continuous infinity of 
unknowns. The area will therefore depend on a continuous in- 
finity of unknowns, the y u y 2 . . . .Hadamard's functionals can evi- 
dently be traced to Volterra's conception. According to Hadamard 
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a functional is a function F which depends on the form of another 
function /. The calculus of Variations becomes, as Hadamard has 
remarked (loc. cit., Preface) a chapter of the functional calculus. 

Volterra has extended the elementary principles of the infini- 
tesimal calculus to the new notion of function ; thus we will study 
in succession its continuity, derivability, variation, development in 
series of powers, analyticity. 

Generalization of the theory of the functions of a complex 
variable. We know that in the elementary theory of the functions 
of a complex variable, we call monogenic or analytic a function 
U==P(x, y)-\-ia(x, y), of the variable z=x-\-iy the derivative of 
which is unique for each value of z. 

The conditions of monogeneity relative to the partial derivatives 
of P and Q are too well known to need mention here. 

Volterra has attemped to extend to three-dimensional space the 
theory of the functions of complex variables. To realize this ex- 
tension he has had to resort to the notion of functions of lines (Acta 
math., Vol. XII, p. 235) : "We obtain generalization," he says, "by 
making correspond to each closed line of space the values of two 
imaginary variables bound to each other by a differential condition 
absolutely similar to the condition of monogeneity of the ordinary 
theory." 

This relation similar to the monogeneity which will exist between 
functions of lines (imaginary variables of the quotation) will be 
called a relationship of isogeneity. 

Let F and * be the values of two functions corresponding to a 
line L. Let us deform an arc A B from L and designate by A F 
and A * the variations of F and of *. If, by indefinitely diminishing 
the deformation and the distance between B and the fixed point A, 
the relation AF/$A tends toward a limit which depends solely on 
the point A, we say that the two variables have a relationship of 
isogeneity or that they are isogenous. 

Starting from this definition a theory similar to the classic 
theory of monogenic functions will be elaborated. Especially we 
shall obtain a differential relation analogous to the equation with 
partial derivatives of the second order already mentioned. Thus 
Volterra develops a general theory starting from the principles just 
enunciated; we shall find this theory set forth in Vol. XII of the 
Acta mathematica. 

27 Hadamard, Lecons sur le calcul des Variations, p. 282, etc. 

28 Volterra, Lecons sur les Sanations integrates et les equations integro- 
differentielles, p. 10, etc. 
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We think we have adequately characterized the fundamental 
notions connected with the idea of function which depends on a 
continuous infinity of variables in an interval. 

III. FUNCTIONS WHICH DEPEND ON AN ENUMERABLE IN- 
FINITY OF VARIABLES. 

Whereas in the preceding paragraph we have examined the 
functions which depend on a continuous infinity of variables in an 
interval, we shall now consider functions which depend on a discrete 
or enumerable infinity of variables. It is in this way that Hilbert 
and Le Roux regard a function as a mathematical being dependent 
on an infinity of independent variables. For instance, Fourier's 
series are linear functions of their coefficients considered as in- 
dependent variables. We shall see how this conception can be traced 
back simply to the most elementary algebraical notions. Whereas in 
algebra we have to determine a finite number of dimensions by a 
finite number of equations, in analysis we have to determine func- 
tions by functional equations : differential, integral equations, etc. 
But the second problem may be considered as a limit case of the first, 
if instead of considering a finite number of unknowns, determined 
by a finite number of equations, we consider an infinite number of 
unknowns determined by an infinite number of equations. 

A function <f> (x) being represented by a development in Fou- 
rier's series, the function may be considered as determined if we 
know the coefficients of Fourier's series. The unknowns x x , x 2 . . . . 
which constitute an enumerable infinity will be the solutions of a 
system of a discrete infinity of equations with a discrete infinity 
of unknowns. This system will be equivalent to the primitive 
functional relation. 

Hilbert has mentioned the relations existing between his theory 
and the works of Hill, Poincare, and Helge von Koch on systems 
of an infinity of linear equations with an infinity of unknowns and 
on infinite determinants. Indeed, the problem of the solution 
of such a system presents itself whenever we try to set up a develop- 
ment in series by the method of indeterminate coefficients. 

Hill, in a problem of astronomy dealing with the movements of 
the moon, reduces the integration of a differential equation to the 
solution of a system of an infinite number of linear equations with 
an infinity of unknowns. It was natural to introduce the notion of 

28 Hilbert, Grundziige einer allgemeinen Theorie der linearen Integral- 
gleichungen, Leipzig, 1912. 

30 Le Roux, Nouvelles Annates de math., 1904. 
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determinants, as we find it in elementary algebra, into the theory 
of the solution of equations with an infinity of unknowns. 

In his work, therefore, Hill 31 has made use of infinite deter- 
minants. Later on, Poincare 32 rigorously set up the conditions of 
convergence of the special infinite determinants considered by Hill. 
The ideas of Hill and of Poincare have been considerably developed 
by Helge von Koch. 

In the following section we will set forth one of the best known 
applications of the preceding theory, the one dealing with integral 
equations. It must not however be thought that that is the onlv 
application of analysis : other mathematical disciplines may be studied 
from the point of view of analysis with an enumerable infinity of 
variables: the calculus of Variations, for instance. Indeed, in the 
calculus of Variations, we seek to determine a function <f> (s) which 
is to render minimum a certain dimension dependent in a given way 
on <f> (s). If we represent the function <£ (s) by means of a complete 
orthogonal system of functions <f> t (s), <f> 2 (s) ... .by the expression: 

<#> (•*)=*! <*>! 0)+*2 4> 2 0) + 

we see that our problem consists in determining the variables in 
infinite number x x , x 2 . . . . in such a way that a certain given function 
of these variables becomes minimum. 

Thus the problem of the calculus of Variations is reduced to 
the search for a minimum, a search which belongs to the differential 
calculus of functions with an infinity of variables. 33 Without passing 
by the medium of integral equations, we may also directly broach 
the theory of differential equations by means of analysis with an 
infinity of variables. 

Consequently, analysis with an infinity of variables appears 
less as a particular process which can be used only for a special 
class of problems than as a very general method which has proved 
its fecundity by its many applications. 

IV. INTEGRAL AND INTEGRO-DIFFERENTIAL EQUATIONS. 
EQUATIONS WITH FUNCTIONAL DERIVATIVES. 

In integral and integro-differential equations, as we shall see, 
the unknown is a function of a variable; on the other hand, in 
equations with functional derivatives, the unknown is a function 

31 Hill, Acta math., 1888. 

82 Poincare, Bulletin de la SocietS math, de France. 

»* Hilbert, Rendiconti del Circolo mat. di Palermo, vol. XXVII, 1909. 
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of lines. Logically, therefore, the study of these latter should be 
placed at the end of section II, dealing with the functions of a 
continuous infinity of variables (functions of lines). We have 
thought it preferable, however, because of the elementary character 
and the restricted scope of our study, to unite in one and the same 
paragraph everything that deals with the application of general 
principles to equations. 

Integral equations. An integral equation is an equation in which 
the unknown function is represented under an integral sign. Some- 
times we call such an equation a functional equation. Evidently we 
may apply the name of functional — in its broad sense — to any equa- 
tion whose unknown is a function. In this way, differential equa- 
tions and equations with partial derivatives would also be func- 
tional equations; speaking generally, however, following a custom 
which may not be altogether justified, we reserve the name of func- 
tional equations for special types of equations which are not in- 
cluded in one of the great classes (differential, with partial deriva- 
tives, integral, etc.), for instance, for the relations: 

H*+y)=f(*)+Hy) 
n*+y)-*f(*)-f(y) 

considered by Legendre and Cauchy where we have to determine the 
unknown /; no sign of differential or integral calculus appears in 
these latter equations. 34 

As we know, Abel 35 was the first (in 1823 and 1826) to study, 
with reference to a problem in mechanics, an equation in which the 
unknown function is given under an integral sign. Liouville, who 
about the year 1832 had considered Abel's equation, showed a little 
later on (in 1837: Journal de Liouville, II, p. 24) how it was pos- 
sible to obtain a particular solution of a certain linear differential 
equation by solving an integral equation of a somewhat different 
type (equation of the second kind) from that discovered by Abel 
(equation of the first kind). To solve the integral equation, Liou- 
ville has used a method which can be traced to the calculus of itera- 
tion, a calculus the principle of which may be summarily formulated 
as follows. 36 Let the equation be: 

x=F(x) 
where x is an unknown number and F(#) a known function of x. 

**Abel, Schroder, etc., have also considered special functional equation*. 

* 5 Abel, (Euvres, I, 11. 

*• Heywood and Frechet, Equation 4? Fr?dholm, etc., p. 36, 
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Under certain conditions of continuity we obtain the solution of this 
equation by indefinitely reiterating the operation F. That is to say, 
the succession : 

x 1 =F(x ), * 2 =F (*,,),. • • .x n =F(x n _ x ) .... 
in which x is arbitrary, tends toward the root of the equation : 

x=F(.x). 
It is possible to use a similar process for solving the integral equa- 
tion found by Liouville. 

The different streams of ideas, however, which we have en- 
deavored to characterize in the two preceding sections, by going back 
to the principles of analysis, revealed the true meaning of integral 
equations and at the same time supplied the most rational methods 
of solution. We shall consider in succession the points of view of 
Volterra, Fredholm, and Hilbert. We know, in the case of the 
first two, that the unknown function is regarded as dependent on a 
continuous infinity of variables (functions dependent on all the 
values of a function in an interval), whereas in the case of Hilbert, 
the function depends on an enumerable infinity of variables. We 
shall try to show how, to these two fundamental conceptions, can 
be traced two methods of solving integral equations. Here we need 
not enter into the details of calculus — which after all would now 
be quite useless after the publication of excellent treatises dealing 
with the subject 37 — but simply have shown how the fundamental 
ideas are linked together. We shall have recourse to technical con- 
siderations only so far as is necessary for fixing the ideas. 

Integro-differential equations. — The theory of the integro-dif- 
ferential equations now constitutes a most important chapter in 
analysis; there can be no doubt but that its importance will con- 
tinue to increase. Not to give our work a scope of which it does 
not admit, we will merely offer a few general remarks on this point. 

We know that in integral equations the unknozvn function 
figures under an integral sign. The derivatives or partial deriva- 
tives of this unknown function may also appear under the integral 
sign ; then we find ourselves confronted with a new type of equa- 
tions: the integro-differential equations studied both by Hadamard 
and by Volterra. All the same, the equations of Hadamard and 
those of Volterra are not interchangeable. 

37 Bocher, Introduction to the Study of Integral Equations; Lalesco, In- 
troduction a V etude des equations integrates; and the works of Volterra, 
Heywood, Frechet, etc., already mentioned. 
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Whereas the equations of Hadamard may be compared with 
ordinary differential equations, and are integrated by methods similar 
to those that apply to these equations, those of Volterra resemble 
equations with partial derivatives. As regards the applications of 
the integro-differential equations of Volterra, note that if the future 
state of a physical phenomenon depends only on its present state, 
or on the state infinitely near, i. e., if if is not hereditary, according 
to Picard's expression, the problems this phenomenon may raise 
must be solved by means of ordinary differential equations or of 
equations with partial derivatives. But if the future state of the 
phenomenon depends not only on the present state but on all the 
preceding states; when, in a word, it depends on the past of the 
phenomenon, the problems we shall have to consider will then be 
of the hereditary type and the equations which will suit them will 
then be, as a rule, integro-differential equations; the term integral 
representing, if we may so express it, the action of the past. 

The theory of equations with functional derivatives can be 
traced directly to the ideas developed in our second section on 
Volterra's functions of lines or of surfaces and Hadamard's func- 
tional (functions which depend on the form of another function). 
Just as a relation between a function of a variable, its ordinary 
derivative and the variable is called a differential equation, so a 
relation between a function of a line (or a functional), its deriva- 
tive (in Volterra's meaning), the line and the point on which the 
function depends, will constitute an equation with functional deriva- 
tives. 

It may happen that the function depends on two points which 
figure as parameters in the equation. Green's function is actually 
a function of two points and of a closed surface (case of space). 

If the two points A and M are fixed and the surface S varies, 
then Green's function is a functional of S ; Hadamard has calculated 
the infinitesimal variation of Green's function when S alone varies. 
Hadamard has largely developed these theories but we cannot now 
enter into any details. We will simply state that the equation with 
functional derivatives 38 which Paul Levy has called Hadamard's 
equation plays an important part in these questions. Levy remarked 
that this equation was completely integrable ; 39 this latter expression 
having a signification analogous to that which it has in the theory of 
equations with total differentials. 

38 Paul Levy, thesis, p. 21. 
*»Ibid., p. 67. 
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V. SUGGESTIONS ON THE GENERALIZED THEORY OF ENSEM- 
BLES. 

We have seen that one of the essential characters of the func- 
tional calculus is that a function is no longer considered as solely 
depending on one or a finite number of variables in the ordinary 
sense of the word : it may depend on the form of a line, of a surface, 
on the form of a function, etc. In the ordinary theory of functions, 
we had only to consider, with reference to the variable, ensembles 
of points; we shall now have to consider ensembles of curves, 
ensembles of functions, etc. Consequently, the classic theory of 
Ensembles, especially the analysis of the continuum which it com- 
prises, will have to be extended so as to apply to generalized func- 
tions, i. e., to functions of lines, to functionals, etc. 

In the theory of the functions of a variable, geometric intuition 
supplied us with suggestions as to the nature of the linear, super- 
ficial or spatial continua which the variable was compelled to describe. 
As Hadamard 40 however, remarks: "The functional continuum — 
i. e., the multiplicity obtained by causing a function to vary con- 
tinually in every possible way — presents to our mind no simple 
image whatsoever. 

"Geometric intuition tells us nothing about it a priori. We are 
compelled to remedy this ignorance and this we can do only analyt- 
ically, by creating for the use of the functional continuum a chapter 
on the theory of ensembles." 

This is the task to which Frechet and a few other geometricians 
have given themselves. 

Logically, this generalized theory of ensembles should constitute 
the introduction to the functional calculus, as the theory of the 
ensembles of points serves as a preface to the classic theory of the 
functions of a variable. In one case as in the other, however, the 
most abstruse logical investigations have chronologically appeared 
last. And as in the preceding pages we have in no way been dealing 
with a logical systematization of new theories — for a very good 
reason — we have been forced to keep to the historical sense. In 
Frechet's work 41 there are two kinds of investigations closely con- 
nected ; the one deals with the theory of ensembles considered in 
themselves, especially of abstract ensembles, i. e., ensembles the 

40 Hadamard, L'Enseignement mathematique, January 1, 1912. 

41 Frechet, "Sur quelques points de calcul fonctionnel," Rendiconti del 
Circolo mat. de Palermo, Vol. XII, 1900. 
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nature of whose elements is not specified, the other has for its ob- 
ject to determine the properties of the functional operations (the 
most general correspondences between elements of abstract ensem- 
bles, 42 which are defined in these ensembles. Here we find notions 
similar to those studied in section I, on the properties of operations. 

We have first to fix the principles of the theory of abstract 
ensembles. Afterward we will apply general theorems to ensembles 
of a particular nature. 

The most important results of the theory of ensembles are those 
we deduce from the notion of the limit of a succession of elements. 
Now, "if we examine 43 the various definitions of the limit of a 
succession of numbers, or of a succession of points, or of a succes- 
tion of functions, etc., we note that these definitions satisfy two 
conditions which may be enunciated independently of the nature 
of the elements considered." For the future we shall consider only 
ensembles taken from a class (L) of elements whatsoever, but 
satisfying the following conditions. We may recognize if two ele- 
ments of a class (L) are distinct or not. We may give a definition 
of a succession of elements of class (L). The two conditions 
satisfied by the definitions of the limits are as follows : 

i. If each of the elements of the infinite succession A lt A 2 . . . . 

A» is identical to one and the same element A, the succession 

has certainly a limit which is A. 

ii. If an infinite succession A lt A 2 A». . . .has a limit A, 

any succession of elements of the first succession taken in the same 
order: A BI , A« 2 ,. . . . A np . . . . (the integers Mj, n?, n p . . . .continu- 
ing to increase) has a limit which is also A. 

We have now to apply to abstract ensembles the definitions of 
the theory of punctual ensembles. 

The notions of limit element, derived ensemble, closed ensemble, 
perfect ensemble, easily extend to abstract ensembles. Frechet in- 
troduces a new notion, that of compact ensemble. An ensemble 
is compact when it includes only a finite number of elements or 
when any infinity of its elements gives place at least to a limit ele- 
ment. When an ensemble is both compact and closed, we will call 
it an extremal ensemble. The role of the extremal ensemble in the 
theory of abstract ensembles is similar to that of the interval in the 
theory of linear ensembles. 

42 Montel ; Ann. Ecle normale, 1907. 

43 Frechet, he cit., p. 5. 
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We shall say that a functional operation V uniform in an 
ensemble E of elements of a class (L) is continuous in E, if, what- 
ever be the element A of E limit of a succession of elements A,, 
A 2 .... A„ .... of E, we always have : 

V(A)=lim, V(A„) 
n=oo 

A sequence of uniform operations in E converges uniformly 
in E toward an operation U, if, whatever be the number e>0, we 
can find an integer p such that n</> has for its result U„(A) — 
U(A)|<« in every element A of E. 

We shall say that uniform operations 44 in one and the same 
ensemble E formed of elements of a class (L) constitute a family 
F of operations equally continuous in A in E, if, given a number 
e>o and a succession of elements of E:A U A 2 . . . .having for limit 
an element A of E, we can find an integer p so that: the inequality 
n>/> has for its result: 

|U(A)-U(A.)|<« 
whatever be the operation U of the family F. 

The generality of the classes (L), however, does not permit 
of a great number of the properties of linear ensembles being ex- 
tended {p them. To obtain new properties the conception of the 
classes (L) must be restricted. Frechet proceeds as follows: he 
considers a class (V) of elements whatsoever, though such that we 
can distinguish whether or not two of them are identical, and such, 
also, that to any two of them whatsoever A, B, we can make to 
correspond a number (A,B) = (B,A)^o which has the two following 
properties: (i) the necessary and adequate condition that (A,B) 
should be nil is that A and B should be identical; (ii) whatever 
be the elements A, B, C, it suffices that (A,B) and (B,C) be small 
for the same thing to be affirmed of (A,C). The number (A,B) 
will be called the vicinity of A and of B. 

The ensemble derived from an ensemble of elements of a class 
(V) is a closed ensemble [this was not necessarily the case in the 
classes (L)]. 

We shall again restrict the conception of the classes (V) but 
without yet specifying the nature of the elements considered. 

We shall say that a succession of elements A 1; A,.. . . .of a class 
(V) satisfies Cauchy's conditions, when to any number *>o, we can 
44 Frechet, loc. cit., p. 11. 
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make correspond an integer n such that the inequality ( A„, A» t> ) <« 
be verified what p may be. 

A class (V) admits of a generalization of Cauchy's theorem, 
if any succession of elements of this class, which satisfies Cauchy's 
conditions, has a limit element. 

When a class may be considered, in a way at least, as the 
derived ensemble of an enumerable ensemble of its own elements, 
it is called separable. Perfect and separable classes and those that 
admit of a generalization of Cauchy's theorem are called normal 
classes (V). Frechet again defines the continuity of an operation 
by means of vicinity. In conclusion we will give only his definition 
of the divergence** which intervenes when we consider concrete ex- 
amples. "It will be recognized that, in each case, it is possible to 
make correspond to any couple of elements A,B a number (A,B);o 
which we will call the divergence of the two elements and which 
possesses the two following properties: (i) the divergence (A,B) 
is nil only if A and B are identical ; (ii) if A, B, C are three elements 
whatsoever, we always have (A,B)<(A,C) + (C,B)." The diver- 
gence satisfies the conditions imposed on the definition of vicinity. 

The abstract theory on which we have just given a few sug- 
gestions, will be applied to ensembles whose nature will be specified. 
Thus Frechet applies his general results at first to the ensembles 
of continuous functions and to the operations which bear on these 
functions, i. e., to the functional ; afterward he applies them to 
ensembles of points of space with an enumerable infinity of dimen- 
sions and to functions with an enumerable infinity of variables, 
etc. Need we remark that generalizations, like that of Frechet, 
are interesting in proportion as they admit of the advance of the 
particular theories and the clearly determined problems from which 
they have sprung? By developing on their own account purely 
abstract theories, we should risk being led astray in the realms of 
formal logic and scholasticism. 

In the preceding study, we hope we have set forth the im- 
portance of a line of thought which has proved itself alike fruitful 
in the realm of analysis, of which it is nothing but a generalization, 
and in that of applications. We shall not risk comparing this 
phase of the development of mathematics with another phase of its 
evolution, but we do not think we shall lay ourselves open to con- 
tradiction if we say that it appears as one of the most fruitful. It 

45 As regards Frechet's definition of divergence Baire has made a reserva- 
tion which is deserving of mention (See Encyclopidie, I, 1, 4, p. 530). 
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was no part of our plan to set forth the results which mathematical 
physics has obtained by the use of the new analytical instrument. 
Now, mathematical physics which thoroughly examines and co- 
ordinates the observations of experimental physics seems more and 
more as though it should take the place of what was formerly called, 
somewhat vaguely, the philosophy of nature. Unlike the theories, 
however, included under this name, mathematical physics is subject 
to geometrical discipline: it must prove what it advances. More- 
over, it frequently contributes directions to the experimenter in 
his investigations. In spite of this fact, we cannot deny that 
mathematical physics retains an essentially theoretical and philo- 
sophical character: its main purpose is not to further the progress 
of industry but rather to make known the infrastructure of the 
universe. The functional calculus, by renewing the methods of 
mathematical physics, has enabled us to make further progress in 
the study of natural phenomena. 

Maximilien Winter. 

Paris, France. 



